We consider the effect of exact gluon kinematics in the virtual photon-gluon impact factor at small x. By comparing with fixed order DIS scheme splitting and coefficient functions, we show that the exact kinematics results match the fixed order results well at each order, which suggests that they allow for an accurate NLL analysis of proton structure functions. We also present, available for the first time, x-space parameterisations of the NNLO DGLAP splitting functions in the DIS scheme, and also the longitudinal coefficients for neutral current scattering.
The study of the proton structure functions at small x is of phenomenological importance, given the partonic centre of mass energies now accessible in collider experiments at HERA [1, 2] and the forthcoming LHC. However, the coefficient and splitting functions relating the structure functions to the parton distributions contain logarithms in the Bjorken x variable. Although QCD fits at next-to-leading order (NLO) in α S describe the data well, there is some evidence that a resummation of log 1/x terms would improve the fits [3] . This is accomplished in principle via the BFKL equation [4] , an integral equation for the unintegrated gluon 4-point function f (x, k 2 1 , k 2 2 ) whose kernel is known at next-to-leading logarithmic (NLL) order [5] . In deep inelastic scattering, the moments of the structure functions F i (N, Q 2 ) = 1 0 x N F i (x, Q 2 )dx are then given by the high energy factorisation formula [6, 7] :
where g B is the bare gluon distribution at momentum scale Q 2 0 , and the strong coupling α S is fixed at LL order. The h i (k 2 /Q 2 ) are the impact factors coupling the virtual photon to the gluon. At present these are known to LL order only [7, 8] . Thus a full NLL order small x analysis of the structure functions is not possible. In section 1 of this paper we show how to obtain the quark-gluon splitting and longitudinal gluon coefficient functions from the impact factors. In section 2, we discuss the DIS scheme coefficient and splitting functions at NNLO, needed to compare directly with the small x expansion, as these have not been presented before. In section 3 we compare the splitting and coefficient functions obtained from (1) with the complete NLO and NNLO results, showing that the inclusion of exact gluon kinematics in the photon impact factors gives a good approximation to higher order effects at small x, and quite possibly contains the dominant information in a NLL (or higher) order calculation. linking the gluon density with the structure function. However, in the case of F 2 , the impact factor diverges as k 2 /Q 2 → 0. One can understand this given that at O(α 0 S ), F 2 is proportional to the quark singlet parton distribution with no gluon contribution. One does not expect to describe this nonperturbative dependence using perturbation theory, and thus the impact factor diverges. One must instead consider solving the evolution equation for F 2 , via the quantity:
which serves to define the impact factor h 2 . In a general factorisation scheme, one loses the simple interpretation of h 2 as the coefficient function relating the gluon distribution to the structure function. Instead it represents a mixture of the coefficient C 2g and the anomalous dimension γ qg . If one chooses to work in the DIS scheme [9] , where F 2 is given by the naive parton model expression to all orders, then h 2 can be interpreted directly as the quark gluon anomalous dimension γ DIS qg . From equation (1), the longitudinal impact factor h L is identified with the coefficient function C
DIS Lg
and does not diverge due to the fact the the longitudinal structure function vanishes at O(α 0 S ). It is convenient to perform a second Mellin transformation on the factorisation formulae to unravel the convolution in k-space:
and similarly for equation (2) .
Diagrams contributing to the impact factor are shown in figure 1 . One may introduce a Sudakov decomposition for the 4-momenta k, r:
where p is the proton 4-momentum (light-like if one ignores the proton mass), q ′ = q + xp a second light-like vector involving the Bjorken variable x = Q 2 /(2p · q), and s = (p + q) 2 . The on-shell requirements for the intermediate quarks ((l + k) 2 = (q − l) 2 = 0) then lead to the relation:
At LL order, the momentum fraction x g of the incident proton carried by the gluon is undetermined, as equation (6) implies the difference log x g − log x is finite as x → 0. By imposing correct kinematics for the gluon, one includes in the impact factor significant higher order information.
The resulting N dependent factors h 2 (γ, N ) and h L (γ, N ) can be found in [10] , and from them one may derive estimates of γ DIS qg and C
at fixed order in α S . One first expands the relevant impact factor as a Taylor series in γ with coefficients h (n) i . In solving the BFKL equation, γ is identified as the anomalous dimension γ(N ) given at NLL accuracy in [5] (any further accuracy would require knowledge of the NNLL BFKL kernel). One thus has:
as the exact kinematics result for the coefficient function up to NLL order, and similarly for γ
DIS(e) qg
in terms of h 2 . The BFKL anomalous dimension has a perturbative expansion:
so that equation (7) is a power series in α S , beginning at O(α S ). The corresponding x-space expressions are given in Appendix A. One may compare order by order with the complete results for C Lg and γ qg . The corresponding MS functions have been computed up to O(α 3 S ) [11, 12, 21, 13, 14, 15, 16] . However, for a direct comparison with the exact kinematics results one needs the corresponding results in the DIS scheme rather than the conventional MS scheme.
DIS scheme splitting and coefficient functions
The NNLO singlet and non-singlet splitting functions have recently been computed in the MS scheme [15, 17] , along with the O(α 3 S ) coefficient functions for neutral boson exchange [16, 18] . They are extremely lengthyfor example, the typeset NNNLO gluon coefficient C 2g is around twelve pages long [18] . The NNLO splitting functions are shorter, but like the coefficients are made more complicated by the nature of the algebraic functions involved. All of the NNLO coefficient and splitting functions involve combinations of harmonic sums in N -space, which after inverse Mellin transformation yield harmonic polylogarithms [19] in x-space (up to weight five at this order). These are non-standard functions and thus must be generated numerically [20] . The combination of length and numerical complexity makes it is infeasible that the complete results can be immediately used in phenomenological applications. Instead one may parameterise the results in x-space in terms of simple algebraic functions, with a precision that far exceeds that due to higher order corrections. The Mellin transforms of the parameterisations then give suitably accurate N -space representations. Parameterisations of the MS functions are given in [15, 17, 16, 18] . From these we have derived corresponding representations of the DIS scheme quantities, accurate to within a percent apart from near the zeros. Our results are presented in Appendix B.
In transforming between the MS and DIS schemes, we follow the argument presented in [21, 22] . The DIS scheme is characterised by the singlet structure function F 2 having the same form as the naive parton model to all orders [9] :
where Σ = i (q i +q i ) is the singlet quark density, and the factorisation and renormalisation scales have been chosen as Q 2 . The factorisation scheme independence of F 2 then imposes a transformation between the DIS and MS scheme partons. There remains an ambiguity in the definition of the DIS gluon. However, the momentum sum rule fixes:
in both schemes. In Mellin space, this becomes:
for N = 1 1 . One may remove the ambiguity by extending equation (11) to all N , and one obtains:
To obtain the splitting functions, one differentiates equation (12) with respect to Q 2 and rearranges yielding:
where P = PP qg P gq P gg . Substituting the perturbative expansions of the MS scheme coefficient and splitting functions 2 , along with the QCD β function 3 , one can derive the DIS scheme results order by order in α S . The explicit transformations at O(α 3 S ) are:
1 This corresponds to our choice of Mellin variable and that of [10] . The alternative definitionf (N ) = 1 0
is also in common use, and in that case the second moment is constrained.
2 Conventionally, P (n) ij is the coefficient of a n+1 , where
is the coefficient of a n . 3 Here βn is the coefficient of a n+2 .
Non-singlet quark combinations transform according to:
which has the form of equation (12) but with a trivial transformation matrix. Hence one obtains for the non-singlet splitting functions relevant to neutral and charged current scattering [17] :
The pure singlet splitting function is given by:
The F 2 coefficient functions are simply defined to all orders in the DIS scheme. For the longitudinal coefficients, one considers:
Using the transformation equations (12) and (18), one finds:
Explicit results at O(α 3 S ) after substituting the expansions of the MS scheme coefficient functions are:
Then the pure singlet coefficient is given by:
The transformation terms were evaluated in N -space, and divergent high and low N limits were then extracted. Up to O(1/N ), one has a choice in how to extract the high N piece. We have chosen this in such a way as to lead to simple plus distributions and logarithms of (1 − x) in the x-space functions. The remaining finite functions as N → 0, ∞ were parameterised in x-space by evaluating the inverse Mellin transform numerically. Finally the transformation terms were added to the existing MS parameterisations. Thus the plus distribution and small-x divergent terms are exact up to truncation of the coefficients, as also are the parts of the log(1 − x) terms not involving
The coefficients of δ(1 − x) in P + ns , P gq and P gg have been modified, and δ(1 − x) contributions added to P qg that should in principle be absent. This, following refs. [15, 17, 18, 16] , is to increase the N -space accuracy, such that the parameterised functions satisfy the momentum sum rules:
for N = 1 4 . One can also introduce such terms into the longitudinal coefficient functions, by fitting to numerical values of the low integer moments. We choose not to introduce these, however, given the size of these effects (no more than a few parts permille) do not exceed the uncertainty of the parameterisations. We have checked all of our expressions against known numerical moments [23] .
Particularly noteworthy is the singularity structure of the DIS scheme functions as x → 1. One sees that the singlet quark splitting functions contain plus distributions up to D 2 5 , or log 3 (N ) in Mellin space. However,
contains more singular terms up to D 4 ≡ log 5 (N ). One can understand this by considering what happens in the MS scheme. There log(N ) terms arise in the coefficients C 2q and C 2ns as a result of soft gluon emission from the quark probed by the virtual photon. As x → 1, there is insufficient phase space for the emission of real gluons, and thus an incomplete cancellation between singularities arising from virtual and real emission. The leading logarithms in N exponentiate [24, 25] , and the sub-leading logarithms can also be resummed [26, 27, 28, 29] . Combining the known resummation and fixed order results allows knowledge of the four leading towers of high N logarithms in C 2q to all orders in α S [30] 6 . In the DIS scheme there are no such logarithms in the coefficients, as C 2q is defined trivially to all orders. Instead the soft gluon resummation effects enter the splitting functions. The leading log(N ) terms in C MS 2ns are produced by exponentiating those in γ DIS ns . This follows from the N -space evolution equation for the non-singlet quark density:
which is easily solved to give:
where the c n,m are coefficients obtained after substituting in the perturbative expansions of the β function and anomalous dimension. Performing the integration in the exponent gives:
where the ellipsis denotes terms giving rise to sub-leading logarithms. Given that γ ns . The form of the non-singlet structure function in the DIS and MS schemes is:
4 This also implies that the n f independent part of P (2)DIS gg should vanish, given that Pqg has no term at O(n 0 f ). 5 See Appendix B for the definition of these functions. 6 This analysis has very recently been extended to include even higher order logarithmic corrections to DIS and Drell-Yan type processes [31] .
Thus from equation (30) , ones sees that the leading powers of log(N ) in the MS scheme non-singlet coefficient function are generated by exponentiation of those in the DIS scheme NLO anomalous dimension γ (1)DIS ns (the LO anomalous dimension is independent of the factorisation scheme, and thus the prefactor in equation (31) is also found in the MS scheme). The next-to-leading log(N ) terms in C MS ns are not so straightforward, but are determined by the exponentiation of a mixture of γ (15):
The small x limit of P (2)DIS qg will be discussed in section 3 of this paper. Looking at the other splitting functions, one may verify the LL relations [8] :
where C A = 3, C F = 4/3 are the QCD Casimir invariants and T R = 1/2. These relations are also true at LL order in the MS scheme.
The non-singlet and singlet splitting functions are plotted in figures 2 and 3 respectively. The singlet functions have been multiplied by x to alleviate the small x divergence. Aside from the differences at high x discussed above, one sees that the DIS scheme functions are more divergent at small x. This is analogous to the high x behaviour -in changing schemes one transfers divergences from the quark singlet coefficient to the splitting functions. Note also the qualitatively different structures at intermediate x in the two schemes. Each of the singlet splitting functions develops an extra turning point in the DIS scheme.
The NNLO P qg develops a negative dip in the DIS scheme at intermediate x, before increasing again as x → 0. Together with the large negative dip at high x this gives a negative result at intermediate x when convolved with a model gluon distribution which is more singular than the splitting function. We return to this feature in section 3. In fact, the qualitative structure of the DIS scheme splitting function can be reproduced from the truncated transformation:
The longitudinal quark and gluon coefficient functions are shown in figures 4 and 5.
The two gluon coefficients are extremely similar. The pure singlet and gluon coefficients share the same small x limit, as the LL coefficients are the same in both schemes. There is, however, an extra turning point in the DIS scheme pure singlet function at higher x. Also of note is the negativity of the non-singlet coefficient at small x, a property also shared by the NLO result such that the complete non-singlet coefficient is negative at small x. However, it is not divergent as x → 0 so that convolution with a suitable non-singlet test function does not give a negative non-singlet structure function (see figure 6 ).
We now compare the DIS scheme quark-gluon anomalous dimension and longitudinal gluon coefficient with the corresponding results derived from exact gluon kinematics.
Comparison of exact kinematics with NLO and NNLO results
At O(α S ), the exact kinematics results correspond exactly with the complete results as at this order, all the relevant diagrams are included in the impact factor calculation. The imposition of exact kinematics then supplements the x dependence that is missing when evaluating these diagrams in the LL limit. At higher orders, one can compare the complete N -space functions with the estimates obtained from the modified impact factors. Expanding in N one finds: The complete NLO and NNLO results give:
The leading logarithms in x (most divergent terms as N → 0) are correctly predicted from the resummation, and one sees that the next to leading terms in γ (2)DIS qg are well estimated by the exact kinematics expression (within 2% at NLO and 7% at NNLO, for n f = 4). Accuracy falls off for higher order terms in N , although these are not associated with small x divergence. The x-space functions are shown in figure 7 . The exact kinematics results qualitatively reproduce the structures of the complete results, even at high x. They clearly do much better than the LL terms at approximating the splitting functions. Note that the small-x behaviour does not set in until rather low x, as can be seen by the splitting function only turning positive for x 2 × 10 −3 at NNLO (for n f = 4). The qualitative trend is that at higher order in α S , the splitting function turns positive at lower x. We have confirmed, for example, that the NNNLO exact kinematics splitting function does not turn positive until x 10 −4 . A good estimate for these values is obtained by approximating the exact kinematics splitting functions by their asymptotic limits as x → 0:
where the ellipses represent terms vanishing in this limit. Setting xP (n)DIS(e) qg = 0 gives the approximate value x = x 0 at which the LL terms begin to dominate over the sub-leading logarithms. For n f = 4, one finds x 0 ≃ 3 × 10 −3 , 1 × 10 −4 at NNLO, NNNLO respectively. The lower value of x 0 with increasing order of α S implies that the leading small-x resummation effects become less important phenomenologically at higher orders, as sub-leading logarithms dominate until very small x.
From equations (38) and (39), we note that in the non-leading logarithmic terms, contributions involving higher powers of n f are estimated poorly -including being of the wrong sign. This is expected given that higher powers of n f in the perturbative contribution to the structure functions may arise from diagrams such as those shown in figure 8 , with fermion bubbles in the vertical rungs of the gluon ladder and in the quark loop at the top of the diagram. The former are included in the NLL BFKL anomalous dimension 7 , but the latter are missing in the exact kinematics calculation due the LL nature of the impact factor. However, one can see that the higher order n f terms do not constitute a very significant contribution relative to those at O(n f ). Similar expansions for the longitudinal coefficient are: The complete results give:
where f l g 11 =< e > 2 / < e 2 >, taking averages over the active quark charges. The estimation of NLL terms is not as good as for γ qg , even for the O(n f ) contribution. Again taking n f = 4, the NLL term in the NNLO coefficient is estimated to within 35%. Nevertheless, the exact kinematics results are in good qualitative agreement with the complete results. The term in f l g 11 will not be estimated by the exact kinematics calculation due to missing diagrams of the type shown in figure 9 . Also, this term is not associated with a small x divergence at O(α 3 S ). Higher order terms in n f and f l g 11 are not very significant contributions.
The x-space functions are shown in figure 10 . Again the exact kinematics results have the same qualitative behaviour as the complete results at both small and large x, whereas the LL approximations are comparatively poor.
The greater accuracy in γ qg can in part be attributed to the derivative of F 2 in log(Q 2 ). In Mellin space, this amounts to multiplication of the sum of the transverse and longitudinal impact factors by γ(N ), which suppresses the differences noted above by α S .
The x-space functions will ultimately be convolved with parton distribution functions. Hence it is necessary to check the behaviour of the x-space exact kinematics expressions when convolved with a suitable gluon distribution. Following [16] , we convolve with the model gluon distributions:
where the former corresponds to a high Q 2 scale (≃ 30GeV 2 ), and the latter reflects the fact that the gluon can be valence-like (or even negative at low x) at low Q 2 ≃ 1GeV 2 [33, 34] . One expects resummation of small x terms to be more important at low Q 2 , due to the higher value of α S . The results for P structure of the complete results. Comparing them with the LL terms at small x, after convolution with the gluon, one sees that they are much closer to the complete results. The exception is C
Lg , where the LL terms convolved with the gluon distribution are closer to the complete result at low x, aided by the fact that at this order the coefficient function has no next-to-leading small x divergence. At NNLO, where NLL terms are present, the exact kinematics results perform better at small x. The exact kinematics and complete results generally agree more at the lower momentum scale. This is due to the less singular gluon distribution at low Q 2 , and the small x part of the coefficient playing a more dominant role. However, at higher Q 2 , the effect of a more singular gluon distribution will be compensated in part by a lower value of α S , and resummation becomes less important.
The NNLO exact kinematics splitting function gives a negative result when convolved with the more singular gluon, turning positive only at very low x ≃ 10 −7 . This can be attributed to the large negative dip in the exact kinematics function (see figure 7) at intermediate x. Given that the gluon is more singular than the splitting function, the low x limit of the convolution is dominated by both high and low x information in the splitting function. To see how this works, consider the model splitting function:
where the first and second terms give the dominant behaviour at small and high x respectively. Consider convolving this with the following "gluon":
which is singular or valence-like at low x depending on whether α < 0 or α > 0, and vanishes at high x. One then has:
If α > 0, the small x term in the splitting function dominates the convolution. If on the other hand α < 0, the bracketed term in equation (50) gives the leading small x behaviour, which is a mixture of both the small and large x terms of the splitting function. This also accounts for the lack of a common small x limit in the left-hand plots of figures 11, 12, 13, 14, as each of the three splitting functions has a different high x behaviour. Note that the complete NNLO P qg also has a negative dip at intermediate x. This leads to some negative behaviour after the convolution, but not for x 0.05 in figure 12 .
Conclusions
We have shown that the imposition of exact gluon kinematics in the LL virtual photon-gluon impact factor gives a good approximation to the NLL parts of the NLO and NNLO splitting and coefficient functions P
DIS qg
and C
DIS Lg
up to O(α 3 S ). The qualitative behaviour is also good over the whole x range. We see this both by examining poles in N -space and also convolving the x-space functions with suitable model gluon distributions. Hence in the absence of the full NLL impact factor 8 , we have confidence that the exact kinematics results can be used for an accurate NLL analysis of the proton structure functions.
It may also be possible to impose exact kinematics in the impact factors for heavy quark production [38] . In this case, however, one needs to define a suitable factorisation scheme in order to interpret the impact factors in terms of splitting and coefficient functions.
The NNLO DIS scheme splitting and longitudinal coefficient functions (excluding the coefficients for charged current scattering) have been parameterised and presented here. There are significant qualitative differences with the MS scheme results, particularly in the appearance of divergent high x terms from soft gluon resummations in the splitting functions. These functions are available on request and can easily be applied for parton analyses in the DIS scheme at NNLO.
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A Appendix: The exact kinematics splitting and coefficient functions
The N -space splitting and coefficient functions derived from the exact kinematic impact factors involve the function ψ(N ) = Γ(N )/Γ ′ (N ) and its derivatives, where Γ(N ) is the Euler gamma function. The ψ functions can be expressed as analytically continued harmonic sums [39] , which one can then inverse Mellin transform to x-space. For brevity we define:
Then the results are: 
where Li n (x) is the n th polylogarithm function.
B Appendix: The DIS scheme splitting and coefficient functions
Here we present parameterisations of the coefficient and splitting functions at NNLO in the DIS scheme [9] . For completeness, all singlet and non-singlet splitting functions are given. The longitudinal coefficient functions are given only for neutral current structure functions, as the MS scheme coefficient functions for charged current scattering have yet to be published. First we define:
